EQUIVARIANT /sT-THEORY OF QUATERNIONIC FLAG MANIFOLDS 

AUGUSTIN-LIVIU MARE AND MATTHIEU WILLEMS 



Abstract. We consider the manifold FZ„(1I) = Sp{n) / Sp{l)^ of all complete flags in M", 
where HI is the skew-field of quaternions. We study its equivariant complex ii'-theory rings 
with respect to the action of two groups: S'p(l)" and a certain canonical subgroup T = (S'^)" 
(a maximal torus). For the first group action we obtain a Goresky-Kottwitz-MacPherson 
type description. For the second one, we describe the ring KT{Fln{S)) as a subring of 
KT{Sp{n)/T). This ring is well known, since Sp{n)/T is a complex flag variety. 



1. Introduction 

The quaternionic flag manifold FZ„(H[) is the space of all nested sequences 

(K)l<^<n = ViC...CVn 

where VJ, is a z/-dimensional H- vector subspace of H", for all 1 < u < n, and H is the skew- 
field of quaternions (by an H- vector subspace we mean a left H-submodule). Let Sp{n) denote 
the group of all H-linear transformations of H" (that is, n x n matrices with coefficients in 
H) which preserve the canonical inner product on H". This group acts naturally on F/„(H[). 
In this paper we are particularly interested in the action on F/„(E[) of the following two 
subgroups of Sp{n): 

G = 5p(l)" and T = (5^)". 

To put matters otherwise, G is the group of all diagonal matrices in Sp{n) and T G G 
consists of all such matrices with entries in C, where C is canonically embedded in HI (as 
the set of all a + bi, where a, 6 G M). It is worth mentioning that G is actually the Sp{n) 
stabihzer of the flag (Hei © ... © H[ej,)i<j,<„, and since the action of Sp{n) on F/„(EI) is 
transitive, we can identify 

FUm) = Sp{n)/G. 

We investigate the (complex, topological) equivariant /^-theory rings corresponding to the 
T and G actions. In general, the G-equivariant if-theory ring of any G-space X is denoted 
by Kg{X) or Kq{X) (in this paper the first notation will be used in most cases). By 
definition (see, for instance, LlSj), it is the Grothendieck group of G-equivariant topological 
complex vector bundles over X. It is a module over the ring Kg{v^-) = R[G], which is the 
representation ring of G. We know that (see, for instance, [7| Chapter 14, Section 6]) 

R[T] = R[{S^r] = Z[xi, a;r\ • • • , a;,, x'^] 
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and 

R[G] = R[Sp{lT] = 'L[X^,...,Xn]. 

Here = Xv + x~^, 1 < < are copies of the (character of the) canonical representation 
of Sp{l) = SU{2) on e = C2. 

The flag manifold F/„(H[) carries n canonical (complex) vector bundles Vi, V2, . . . , V„, of 
complex rank equal to 2, 4, ... 2n. The rank 2 quotient bundles Ci, = Vu/V^-i, 1 < u < n 
play an important role (by convention, Vq is the rank vector bundle). Namely, we take into 
account that T is a maximal torus in both Spin) and G. Moreover, the Weyl group Wq of 
G is a normal subgroup of the Weyl group Wsp(n) and their quotient is 

the symmetric group (see, for instance, [7, Chapter 14, Section 4] or Section [21 below). 
Results of [13 Section 4] (see also Proposition 15.21 of our paper), lead to: 

KciFUm - Ksp(^n){FUm ®R^Sp{n)] R[G] 
(1) - R[G] ®R[Spin)] R[G] 

^ Z[[£i], . . . , Xi, . . . , X^] 

{ak{[C-i], . . . , [Cn]) - Ok{Xi, Xn), 1 < k <n)' 

Here ak denotes the k-th symmetric polynomial in n variables. The ring KT{Fln{M)) is 
isomorphic to KciFlniM)) ®r[g] R[T] (see [Ul Section 4] or Proposition 14. 2^ below). Thus, 
we obtain 

Z[[A],...,[£„],xf 



Kt{FUM)) 



{ak{[Ci], [Cn]) - (7k{xi + ,...,Xn + x„i), 1 < k < u) 



In this paper we give alternative descriptions of the two rings above. The approaches will 
be different for G and T, as follows. 

The first main result describes KT{Fln{M.)) as a subring of the T-equivariant i^'-theory 
ring of the principal adjoint orbit Sp{n)/T. The T-equivariant i^-theory of principal adjoint 
orbits (that is, complete complex flag varieties) is well understood, see, for instance, [5], 
[10], [n], [ig, [12], [H], [20], [21]. If we identify Sp{n)/T with the quotient of Sp{2nX) 
by a Borel subgroup, we deduce from the general theory (see, e.g., [lOl Lemma 4.9]) that 
KT{Sp{n)/T) has a natural basis over R[T], namely the Schubert basis {[Ow] '■ w G Wsp(n)}- 
Like for any flag variety, the Weyl group Wsp{n) = Nsp{n)(T) /T acts on Sp{n)/T via 

(2) {nT).{gT) = gn-^T, 

for any n G Nsp{n){T) and g G Sp{n). This action is T-equivariant. Therefore, by functori- 
ality, it induces an action by ring homomorphisms on KT{Sp{n)/T). The canonical map 

TT : Sp{n)/T Sp{n)/G = T/„(H) 

is T-equivariant too, hence it induces a homomorphism between the i^'r-rings, which we 
denote by vr^. We can now state the theorem. 
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Theorem 1.1. The map vr^ : KT{Fln{M.)) —>■ KT{Sp{n)/T) is injective. Its image consists of 
all Wc-invariant elements of KT{Sp{n)/T) . In this way, KT{Fln{M)) is the R[T]-subalgebra 
of KT{Sp{n) /T) generated by all [OJ\, where w G Wsp(n) is a maximal length representative 
of the quotient Wsp(n)/WG- 

Remark. A similar result holds for the general context of the T-equivariant i^-theories of 
Q /V and Q/B, where ^ is a complex semisimple Lie group, V a parabolic subgroup which 
contains the Borel subgroup B, and T a maximal torus of Q such that T G Q (see, for 
instance, [TO', Corollary 3.20]). However, Theorem 11.11 does not fit into this context, as 
F/„(EI) is not a complex flag variety. 

For i^G'(FZ„(EI)) we will prove the following Goresky-Kottwitz-MacPherson (shortly GKM) 
type description. Before stating it, we just mention that the G fixed point set of F/„(]HI) can 
be identified with the symmetric group 5„, as follows (see, for instance, p3l Lemma 3.1]): 

(3) F/„(H)^ = {(He,(i)©...©He,(,))i<,<„ : r G 5J = 

And here is the theorem. 

Theorem 1.2. The ring homomorphism KciFlni^)) —>■ YlreSn^i^^ induced by the inclu- 
sion map FlniB)^ Fln{M) is injective. Its image is 

{(/r) ^Y\. ^[^1' • • • ' • fM-r i^ divisible by - for all 1 < fi < u < n}. 

Here (/i, v) denotes the transposition of yU and z/, that is, the element of iS„ which inter- 
changes /i and u. 

Remarks. 1. A description of the integral cohomology ring of F/„(EI) in terms of generators 
and relations has been obtained in [2] (see page 302). For the G-equivariant cohomology ring 
such a description has been obtained in [13]. In both cases one obtains the same formulas 
as for the complex flag manifold -F/„(C) (in the equivariant case the group acting on FZ„(C) 
is the standard maximal torus T of the unitary group U{n)). In the present paper we show 
that the same similarity can be noted for /^-theory. Not only has the ring KG{Fln{M)) the 
same presentation as KT{Fln{C)) (see equation ([T])), but also the same GKM description 
holds true (see Theorem 11.21 and compare with [151 Theorem 1.6] for G = U{n)). Another 
space for which we have the same analogy with the complex flag manifold at the level of 
equivariant cohomology and i^-theory is the octonionic flag manifold Fl{0) (see the recent 
paper [S]). It would be interesting to find more examples of spaces with group actions for 
which the equivariant /^-theory has the same features as Fln{M) and Fl{0). What makes 
these two spaces special is as follows: First, they are homogeneous, of the form Q /H where 
^ is a compact Lie group and TC a closed subgroup of the same rank as Q; the group action 
is the one of 7i, by multiplication from the left. Second, a maximal torus T of 7i has the 
same fixed point set as 7i itself. Third, Q /Ti admits a cell decomposition such that each cell 
is T-invariant, homeomorphic to for some m > 0, and the action of T on it is complex 
linear. 
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2. It is worth noticing that all the previously known GKM type descriptions of equivariant 
K-theoTj are for actions of tori (for instance, any subvariety of a complex projective space 
which is preserved by a linear torus action, see, for instance, piSl Appendix A]). Theorem 
11.21 is a non-abelian version of this general result. 

3. A GKM description exists for KT{Fln{^)) as well (see Proposition 14. 5[ below). It can 
also be deduced from the fact that F/„(H[) has a cell decomposition whose cells are complex 
vector spaces, the torus T leaving them invariant and acting on them complex linearly in 
a very explicit way (see Section [3l below). Thus, one can apply the main result of [8]: the 
main ingredient is the calculation of the Euler class in Kt for any cell and the observation 
that this is not a zero-divisor in ^^'^(pt.) = R[T]. We will not present the details. Our proof 
of Proposition 14.51 goes along different lines, using the GKM description of KT{Sp{n)/T). 
Concerning KG{Fln{M)), we do not know if the GKM description given in Theorem 11.21 is 
a direct consequence of [8]. Even though the cells mentioned above are G- invariant and the 
action of G on cells is also very explicit (see again Section [3]), this action is M-linear without 
being C-linear. It seems difficult to find a way to compute the corresponding Euler classes 
in the ring Kcipt-) = R[G] of complex representations of G. 

Acknowledgements. We would like to thank the referees for several valuable suggestions. 



In this section we collect some background material concerning the roots of Sp{n) and 
other related objects. The details can be found for instance in [H Section 16.1]. 

Let sp(2n, C) be the complexified Lie algebra of Sp{n). It consists of all complex square 
matrices of the form 



where a, b, c are nxn complex matrices with 6* = b, = c. The elements of the complexified 
Lie algebra of T, call it f), are block matrices as above with a diagonal and b = c = 0. A linear 
basis of f) over C consists of the matrices eu,u—eu+n,i'+n, 1 < < where {e^^y}i<^^u<2n is the 
canonical basis of the space of complex 2n x 2n matrices. We denote by {L^ : 1 < v <n\ 
the corresponding dual basis of ()*. We have as follows: 

• The set of roots is 



A = {±L^ ±U : l<ii<u<n}U {±2L\ l<u <n}. 

• The set of positive roots is 

A+ = {L^ ± 1 < < < n} U {21", l<u <n}. 

• A simple root system is 

U = {ai = L^ - L^, a2 = L'^ - L\..., an-i = L'^~^ - i^", = 2L"}. 

• The weight lattice ()J is the Z-module generated by L^, L^, . . . , L^. 



2. The roots of Sp{n) 
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• The weight lattice f)^ is canonically isomorphic to R[T], and L'^ corresponds to 

in this isomorphism, 1 < u < n. More generally, for any A G f)J, we will denote the 
corresponding character in R[T] by e^. 

• The Weyl group Wsp(n) = Nsp(n)(T)/T is generated by the simple reflections corre- 
sponding to a^,, for 1 < z/ < n (as usual, we denote by Sa the reflection corresponding 
to the positive root a). Concretely, Wsp(n) consists of all linear automorphisms t] of 
f)* such that for any 1 < jy < n, there exists 1 < fi < n such that r]{L'^) = iL'^. This 
means that Wsp(n} is the semi-direct product of the symmetric group iS„ of permu- 
tations of the set {L'^ : 1 < u < n} and the group {—1, 1}" of sign changes (here 
Sn acts on {—1, 1}" by permuting the entries of an n-tuple). For 1 < u < n — 1, 
the reflection s^, is the transposition [u,!/ + 1). The reflection s„ sends to — L", 
and L" to itself, for 1 < u < n. More generally, for 1 < fi < u < n, the reflection 
corresponding to the root — is the transposition [fi, u), whereas the reflection 
corresponding to L'^ + L'^ sends to —L", to —L^., and leaves L'^ unchanged, for 
K ^ {/i, v}. The reflection corresponding to the root 2U' sends to —L^ and leaves 
L'^ unchanged for 7^ z/. 

• The Weyl group Wq '■= Ng(T)/T is the subgroup of Wsp(n) generated by S2L'', 
1 < V < n. It is isomorphic to { — 1, 1}". 

• The quotient Wsp(n)/WG is isomorphic to the group of permutations of the set : 
1 < z/ < ri}, which is the symmetric group iS„. For any pair /z, z/ such that 1 < 
/i < z/ < n, the cosets SLt^-i-^Wc and SLt^+L'^Wc are equal and are mapped by the 
isomorphism above to the transposition (/x, u) . 

3. The cell decomposition 

In this section we describe the Schubert cell decomposition of F/„(EI). We will be especially 
interested in the action of G on the cells. 

The group GL„(H[) of all invertible n x n matrices with entries in EI acts linearly on H". 
More precisely, H" is regarded as a left H- module and the action of GL„(H[) is given by: 

gh = h- g* 

for any g G GLn{M) and any h G H". Here ■ denotes the matrix multiplication and g* the 
transposed conjugate of g. The group GL„(H[) acts on F/„(EI) by 

for any g G GL„(]HI) and any (yu)i<ij<n ^ Fln{M.). This group action is transitive and the 
stabilizer of the flag (Hei © . . . Q)Meiy)i<u<n is the group B consisting of all upper triangular 
matrices with entries in H. In this way we obtain the identification 

The following result is a direct consequence of the Bruhat decomposition of ^^^(HI) (see [3l 
Section 19, Theorem 1]): 
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Proposition 3.1. Any g G ^^^(H) can be written as g = uprb, where: 

1. r G Sn and Pr denotes the matrix {Sfj_^r{u))i<u,fi<n, where 6 is the Kroenecker delta. 

2. be B 

3. both u and {prUp~^y are upper triangular with all entries on the diagonal equal to 1 
(the superscript t indicates the matrix transposed) . 

Moreover, the matrices Pr and u with properties 1 and 3 above are uniquely determined by 

9- 

We deduce that 
(4) GL,,(M)/B = y iXrPrB/B, 

t£S„ 

where ilr denotes the set of all n x n matrices u with entries in EI such that both u and 
{prUp~^y are upper triangular with all entries on the diagonal equal to 1. The canonical 
map ilr HtPtB/B is a homeomorphism. Indeed, this map is continuous and bijective, by 
Proposition 13. 1[ Its inverse is continuous too, because the map ilrPrB 11^ which assigns 
to g = uprb the first factor u is continuous, as we can see from its explicit description in the 
proof of [3| Section 19, Theorem 1]. Now it is an easy exercise to see that an n x n matrix 
u = (tt/ii/)i<^,jy<n is in ilr if and only if the diagonal entries are equal to 1 and the others are 
equal to 0, except for those Uf^i, with n < u and r(/i) > r(z/) (the key point is the formula 
PrUp~^ = {uT-(p)r{u))i<fi,u<n)- This implies that 11^ can be identified with H[^(^\ where £(r) 
denotes the number of inversions of the permutation r. Consequently, for any r G iS„ the 
element 

a = il^PrB/B 

of the decomposition (j4]) is homeomorphic to a cell of (real) dimension 4£(r). We call it a 
Bruhat cell. 

The group G acts on GLn(M.)/ B by left multiplication. We claim that this action leaves 
any Bruhat cell = ilrPrB/B invariant. To justify this, take 7 = Diag(7i, . . . ,7„) in G. 
We have 

7Pr = Diag(7i, • • • ,7n)PT = PrDiag(7r-i(i), • • • ,7r-l(n))- 
This implies that if m G 11^, then 

•yuprB = 7U7~"'^7Pt-B = •ywy^'^pT-B. 

We notice that if m = (m^,.)i<^,^<„, then 7^7"^ = (7/xM/.i.7;7^)i<M,i/<n- Thus, if u is in il^, 
then 7M7~^ is in ilr as well. 

We summarize our previous discussion as follows: 

Proposition 3.2. The Bruhat cell decomposition of the quaternionic flag manifold -FZ„(EI) 
is Fln(M) = LJ^g5 Cr. The cell has real dimension 4£(r) and is G-invariant, being in 
fact G-equivariantly homeomorphic to ^M.^^. Here the sum runs over all pairs (/i, z/) 
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with 1 < < u < n such that T{fi) > r(z/), and M.^^, is a copy ofM. The action of G on M^^, 
is 

(5) (7i,...,7„)./i = 7^/i7-\ 

for all (71, . . . , 7„) G G and h eM. 

Remark. Let us identify 

M = C©jC = 

It is an easy exercise to see that if in equation ([5]) we take (71, . . . ,7^) G T, the resulting 
transformation of EI is C-hnear. In other words, T acts complex linearly on each cell Gr- 
However, if (71, ... , 7„) is in G but not in T, the transformation is in general not C-linear. 

There are two alternative presentations of the cell Gr, which are given in what follows. 
Lemma 3.3. We have 

Gr = BprB/B. 

Proof. We have 

GL„(e) = LJ ^prB 

and iir C B for all r G iS„. Thus, it is sufficient to prove that if Ti,T2 G 5„, Ti 7^ T2, then 
[Bpr^B) n (Bpr^B) = 0. This can be proved by using the same arguments as in the proof of 
[H Chapter III, Proposition 4.6]. □ 

We can also describe Gr by using the actual definition of F/„(H), as the set of all fiags in 
H". Our model is the presentation of the Bruhat cells in F/„(C), as given, for instance, in 
[HI Chapter III, Section 4]. First, to each r-dimensional linear subspace V of we assign 
the set s{V) = {mi, . . . ,mr} where mi < . . . < are determined by VflH"**^-'^ 7^ V^flEI™'*, 
1 < t < r (here denotes Hei © . . . © He„, for all 1 < m < n, and H° = {0}). Note that 
if V and V are subspaces such that V C V, then s(y) C s(y'). To the fiag V, = (V,y)i<y<„ 
we assign the permutation r = r^* which is defined recursively as follows: 

• {t{1)} = s{Vi). 

• if r(l), . . . , T{k) are known, we set {r(A; + 1)} = siVk+i) \ s{Vk) 
Lemma 3.4. We have 

a = {KeF/„(e) : r^-=r}. 

Proof. We are using the identification GLn{M.)/ B = FZ„(EI) given by 

gB = gM., 

for any g G G'L„(EI). Here H, denotes the fiag (Hei © ... © M.eu)i<u<n- In this way, PrB 
is the same as the fiag (]HIeT-(i) © ... © M.er(u))i<u<n, which we denote by rH,. The S-orbit 
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of this flag is just (see Lemma [3.3p . The lemma is a straightforward consequence of the 
following two facts: 

^bv. ^ ^v. all 6 G 5 and all V. G F/„(H). 

□ 

In the same way as in [6l p. 122], we see that the closure of Cr in F/„(]HI) consists of all 
flags V, such that r^* ^ r. Here ^ denotes the Bruhat ordering on the symmetric group Sn 
(see [6^^ Chapter I, Section 6]). Note that if ri ^ T2 then liji) < £(r2). 

Proposition 3.5. The closure of in F/„(H) can he expressed as follows: 

t'<t 

Any of the cells Cr' above, with t' ^ r, has dimension strictly less than the dimension of Cr- 

4. T-EQUIVARIANT /T- THEORY 

Throughout this section we will use the notations 

X = F/„(M) = Sp{n)/G and 3^ = Sp{n)/T. 

Our main goal here is to prove Theorem ll.li We will use the injectivity of the restriction 
to fixed points, which is the content of the next proposition. We first note that the T and 
G fixed points of Fln{M) are the same (see [131 Lemma 3.1]). By equation ([3]) we have 

vC c 

Let i : Sn X he the inclusion map and i^ : Kt{X) Ylres ^l'^] corresponding ring 
homomorphism. 

Proposition 4.1. (a) The T-equivariant K-theory of X is a free R[T]-module of rank n\. 
(b) The restriction to fixed points : Kt{X) Ylres -^[-^1 '^^ injective. 

Proof, (a) Let X = Llrg5„ '^^^^ decomposition of X (see Proposition 13.21) . Each cell 

C-r is T-equivariantly homeomorphic to C^^*^'^^ Notice that 

for all T G Sn- For any integer number u with < u < gg^ 

TeSnAr)<l' 



By Proposition 13. 5[ this is a closed subspace of X. We prove by induction that for all 
< v < we have: 
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• Kt{Xv) = Kj,{Xi^) is a free i?[T] -module of rank equal to the number of cells in X^, 

• K^\X,) = {0}. 

The definition of the functors K^^ and can be found for instance in [19]. We have 

(6) K^i(pt.)=A'^(pt.) = {0}. 

This implies our claim for = 0, since consists of only one point (of course we have 
Kript.) = R[T]). 

Let us assume that the claim is true for u. We will prove it for u + 1. We consider the 
space 

(7) X,^i\X,= [_\ Cr. 

rG5„,^(r)=i/+l 

We consider now the exact sequence of the pair {X^+i,X^). Since X^, is closed in X^+i, 
we deduce that K^{Xi,^i, X^) = K^{X^^i \ Xy) and obtain the following sequence (see [191 
Section 2]): 

K^^{Xy^i \ Xy) Kj:^{Xy+i) K^^{Xy) 

K^{Xy^i \ Xy) — > K^{Xu^i) K^{Xy) K}p{Xy^i \ Xy). 

By the induction hypothesis, Kj.^{Xy) = 0, and K^{X^) is a free i?[T]-module of rank equal 
to the number of cells in X^,. Each of the cells Cr in the union given by equation ([7]) is 
a connected component of A'l.+i \ X^: indeed, by Proposition I3.5[ any such Cr is a closed 
subspace of X,y^i \ X^, hence it is open as well (as its complement is closed). We obtain 

K^{X^+i \ Xy) = K:j.^{X^+i \ Xy) = {0}, 

where we have used the Thom isomorphism for each of the cells Cr in the union given by 
([7]) (recall that Cr is T-equivariantly homeomorphic to C^^*^'^-' , the action of T being complex 
linear, as mentioned in the remark following Proposition 13. 2p . We also have 

K^{X,+,\X,)c^ K^{Cr)= R[T]. 

T6<S„,£(r)=i/+l re5„,£(r)=j/+l 

In other words, K!^{X^jf_i \ Xy) is a free i?[T]-module of rank equal to the number of cells in 
^v+i \ '^u- The desired conclusion follows. 

Finally, for v = , we obtain point (a) of the proposition. 

Point (b) is a consequence of point (a). Indeed, let Q\T] denote the fraction field of R\T]. 
According to the localization theorem (see [H]), the homomorphism Kt{X) ®i?[T] Q[T] — > 
rireSn Ql"^] induced by is an isomorphism. Moreover, since Kt{X) is a free i?[T]-module, 
the canonical map Kt{X) KT{X)^ii[T]Q[T] is an embedding. Since the following diagram 
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is commutative, we deduce that is injective. 

KtW Kt{X) ^RiT] Q[T] 



□ 

Remark. The arguments used in the proof are standard: see proof of Lemma 2.2] or 
Pm proof of Theorem 3.13]. 

Let p : G X C" — > C™ be a complex representation of G. The quotient space 

(8) Vp = Sp{n) X C™/((A;, v) ~ {kg, p{g-^)v) for all k G Sp{n),g e G,v e C'") 

has a natural structure of a vector bundle over Sp{n)/G = -F/„(HI). Moreover, there is a 
natural action of G (consequently, also of T) on Vp given by 

(9) g{k,v) = {gk,v), for all g e G,k e Sp{n), andv e C"". 

The i?[T]-linear extension of the assignment p ^ Vp gives the homomorphism kt '■ R[T] ® 
R[G] Kt{X). It is easy to check that if p is a representation of Sp{n), then Vp is isomorphic 
to the trivial bundle {Sp{n)/G) x C™. In other words, if x ^ R[Sp{n)], then we have 
eg) 1 — 1 ® x) =0. Consequently, we obtain a homomorphism 

KT : R[T] 0R[Spin)] R[G] ^ KriX). 

We are now ready to prove the first part of Theorem 11.11 concerning the image of the map 

n*T : Kt{X) Kriy). 

Proposition 4.2. The homomorphism vr^ in Theorem \l.l\ is injective and its image is equal 
to KrpiyY^^ ■ Moreover, is a ring isomorphism. 

Proof. We first note that 

(10) nUKriX)) C Kriy)"^^. 

This is because for any w e Wg = Ng{T)/T we have n o w = n (here w is regarded as an 
automorphism of 3^ = Sp{n)/T, see equation ([2])). 

As mentioned in the introduction, the space 3^ = Sp{n)/T is a complete complex flag 
variety. Thus, the fixed point set of the T action is 

iSpin)/Tf = Wspin). 

The image of this set under tt is -F/„(EI)"^ = 5„. In fact, the restriction of n to the fixed 
point set is the canonical projection Wsp{n) — ^ Wsp{n)/WG = Sn (see Section [2]). The 
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homomorphism between the T-equivariant i^T-theories induced by this map is the obvious 
map 

p'-U^m^ n ^[^]' 

which is injective. This homomorphism is the bottom arrow in the following commutative 
diagram (where is the restriction homomorphism). 



lis. m 



n 



The maps and are also injective, by Proposition 14.11 respectively the fact that 3^ is a 
complex flag variety (for such spaces, injectivity is proved for instance in [T5l Lemma 2.2]). 
We deduce that vr^ is injective. 

We now prove that the image of vr^ is the whole /^^(J^)^^ and that Kt is an isomorphism. 
Since y = Sp{n)/T we deduce that 

(11) KT{y)=R[T]®Ryspin)]R[T]. 

More precisely, by The Main Theorem], we have an isomorphism 

(12) R[T]®R^sp(n)]R[T]^KT{y) 

which is the i?[T]-linear extension of the map a ^ V^, for any complex representation 
a : T X ^ C™. Here we define 



(13) 



V; = Sp{n) X C'"/((A;,t;) ~ {kg,a{g~^)v), for all k G Sp{n),g eT,v e <CJ 



which is a complex vector bundle over y = Sp{n)/T, with an obvious T action. We claim 
that the composed homomorphism 



TT^ o K : R[T] 



m[Sp{n)] 



R[G] R[T] 



m[Sp{n)] 



R[T] 



is induced by the canonical embedding R[G] — ^ R[T]: this follows from equations (Q and 
f|T3|) and the fact that vr^ maps a vector bundle to its pull-back via ttj'. Consequently, tt^okt 
is an isomorphism between its domain and R[T] ®K[5p(n)] R[G]. This space is just Kriy)^'^ 
(as we will see below). Thus, the image of vr^ is Kxiy)^^ (see also equation ffTOl) ). We also 
deduce that Kt is an isomorphism. 

It only remains to show that, via the identification (11 II) . we have 

Kriy)"^^ = R[T] ®R[sp(n)] R[G]. 
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Indeed, this is a consequence of the fact that the isomorphism given by equation (|T2l) is 
W^5p{n)-equivariant with respect to the action given by 



w.{xi ® X2) = Xi ® 

for all w G Wsp(n), Xi)X2 ^ (see [151 Section 1.4] for a proof); we deduce that 
Kriy)'^'' = R[T] ^nispin)] i?[T]^« = R[T] ^R^spin)] R[G], 



We now focus on the last statement in Theorem 11.11 Since 3^ is a complex flag variety, 
Kriy) can be identified with the Grothendieck group of the T-equivariant coherent sheaves 
on 3^, and the Bruhat decomposition gives an i?[T]-basis of Kxiy). More precisely, this is 
the set of all classes [O^] of the structure sheaves of the Schubert varieties y^, for w G Wsp(n) 
(cf. e.g. pro:. Section 4]). 

The following lemma will be needed later. 

Lemma 4.3. Let w G Wsp(n) o,nd let Sy he a simple reflection ofWsp{n)- Ifws^ < w in the 
Bruhat order, then s^,[0^^] = [C^]. 

Proof. The multiplication by Sj, from the right (see equation ([2])) induces a smooth map 
from 3^ to 3^. Consequently, since 3^ is a smooth variety, for any (not necessarily smooth) 
subvariety Z of Sp{n)/T, we have Su[Oz] = [Os^(z)] (note that = Sj,). In particular, for 
G Wsp{n) we have Sj,[Ou,] = [Os^(y^)]. Since ws„ < w, we have Su{yw) = y-w (as we will 
see below), hence = as needed. 

We still need to prove that Sj^(3^u;) = 3^^. Since = s^, it is enough to show that 
Su{yw) C 3^^. We have 



where i3 is a Borel subgroup of Sp{2n, C) with T <Z B. By definition, 3^^ = BwB/B. Hence 
we have 



From the general theory of Tits systems (see for example [2j), we know that BwBBsyB C 
BwB U BwSyB. This union is contained in 3^^, since wsy ^ in the Bruhat order. The 



as required. The proposition is now proved. 



□ 



y = Sp{n)/T = Sp{2n, C)/B, 



Suiy^n) = Sy{BwB/B) C Sy{BwB/B) C {BwBBsyB)/B. 



conclusion follows. 



□ 



From here we deduce the desired result (see again Theorem II. ip . namely: 



Proposition 4.4. The set 



{[Ow] '■ w G Wsp(n) is a maximal length representative inWsp(n)/WG} 
IS a R[T]-basis of 7c^{Kt{X)) . 
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Proof. Let us denote by W the subset of Wsp{n) consisting of all maximal length representa- 
tives of Wsp{n)/WG- The previous lemma implies that if f G Wg and w G W, then 

More precisely, we write v = Si...Sk, where Si,...,Sk G {s2Li , ■ ■ ■ , S2L"} , which is the 
generating set of Wg (see Section [2]); by Lemma 1^3] we have Si,[C^] = [Oy^], for all z/ G 
{1, 2, . . . , k}. We deduce from Proposition|i]2]that 7!-^{Kt{X)) contains all [C^] with w eW. 

To prove the converse inclusion, let us suppose that there exists ^ G KxiX) such that 
e ^ ®^ewR[TW- Since Kriy) = ®^^Ws,cn, ^[^][^-]' can write 

where G -R[T]. We deduce 

r:=e- 5^a^[O^]GirTW\{0}. 

Consequently, the set U : w G W^} is an i?[T]-free family of n! + 1 elements in 

KxiX). This is not possible, since, by Proposition I4.H Kt{X) is a free i?[T]-module of rank 
n\. The contradiction finishes the proof. □ 

Remark. We would like to point out that a result similar to Proposition 14.41 holds true 
for the usual (that is, non-equivariant) iiT-theory group of F/„(EI). Namely, from Pittie's 
theorem [I6], we have K{X) = R[G]/R[Sp{n)] and K{y) = R[T]/R[Sp{n)]. In terms of 
these identifications, the homomorphism vr* : K{X) — * -^(3^) induced by vr : 3^ — A" is the 
inclusion induced by the (injective) map R[G] — > R[T] which assigns to a representation of 
G its restriction to T. We deduce that 

Consequently, K{X) is the subring of -^'(3^) generated by the elements of the Schubert basis 
induced hj w E Wsp{n) which are maximal length representatives of Wsp{n)/WG- this can be 
proved by using the non-equivariant analogue of Proposition 14.41 

We conclude the section with a GKM description of Kt{X). We will deduce it from the 
GKM description of Kxiy) (recall that 3^ is a complete complex flag variety) and the fact 
that KtI'^) = Kxiy)^^ (see Proposition 14.21) . The notations established in Section [2] are 
used in what follows. 

First, we identify y^ = Wsp{n)- By [121 Theorem 1.6], the ring homomorphism Kxiy) — >■ 
KriWspin)) induced by the inclusion map is injective and its image is 

{(/») e n ^[^] : - 1 divides - for all a G A+}. 
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The isomorphism is PF5p(„)-equivariant if we let the Weyl group Wsp(n) act on the space in 
the right-hand side of the previous equation by 

for all V G Wsp(n)- This can be proved as follows: take v,w E Wsp(n) and consider the ring 
automorphism v* of Kx^y) induced by v (see equation ([2])), as well as the map : Kxiy) 
Kt{{w}) induced by the inclusion {w} ^ y; for any x G Kxi^y) we have 

i*wiv*ix)) = {voi^y{x) =<(^)(x) =il^_,{x). 

Consequently, Kxiy)^^ can be identified with 

{{fw) e Y\. ^[^] : e" - 1 divides - fg-uj for all a G A+ such that Sa ^ Wg}- 

Here W^sp(n)/W^G denotes the set of right cosets w = wWg with w G Wsp{n)- The reason why 
in the previous equation we only need to consider roots a G such that Sa ^ Wg is that 
if Sa does belong to Wq then 

SaW = WW~^SaW = W, 

for any w G Wsp(n) (because Wg is a normal subgroup of Wsp(n))- The roots a G A+ such 
that Sa ^ Wg are L^^ — L'^ and + L'^, where 1 < fi < u < n. We saw in Section [2] that via 
the identification Wsp{n)/WG = we have sit^-L^^WG = sli^^l'^Wg = (/i, i^)- Let us denote 

e^" = Xi,, l<u<n. 

This implies that e^''^^" — 1 = x^x'J^ — 1 and e^^^^" — 1 = Xp^x^ — 1. Since these two 
polynomials are relatively prime in Z[x^'^, . . . ,x^^], we deduce the following proposition. 

Proposition 4.5. The homomorphism KT{Fln{^)) —>■ KT{Fln{^)'^) induced by the inclu- 
sion Fln{M)'^ — i> Fln{M) is injective. Its image is equal to 

{(/r) e]^Z[a;^\ . . . : {x^x^^ -l){x^Xi,-l) divides fr-f{^l,u)T for all 1 < fi< u < n}. 

T£Sn 



5. G-EQUI VARIANT /T-THEORY 

In this section we will prove Theorem 11.21 Like in the previous section, we denote X = 
F/„(EI), which is the same as the homogeneous space Sp{n)/G. We consider the following 
commutative diagram: 



Kg{X) 



Kt{X) 



n^,. m — ^ n^^ m 
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Here j* and p are induced by the restriction of the G action to T. The maps i^, p, and j* 
are injective: the first by Proposition 14.51 the second by e.g. [71 Chapter 13, Section 8], and 
the last by pEJ Theorem 4.4]. We deduce that is injective too. 

We are interested in the image of iQ. Let us consider the action of Wq on R[T] ®R[sp{n)]R[G] 
given by 

for any Xi ^ R[T],X2 ^ R[G],w G Wq, as well as the diagonal action of Wq on Y[s„ -^[^]- 
We need the following lemma. 

Lemma 5.1. The map 

4 o 7€T : R[T] ®ij[5p(n)] R[G] ^ n ^[^] 
is a Wc-equivariant homomorphism. 

Proof. We take w G and show that the map R[T] x R[G] — ^ R[T] given by 
(14) {Xi,X2) ^ i*Af^T{Xi^X2))w 

is M^G-equivariant (the map kt was defined in Section Hj). We identify X = Sp{n)/G and 
write w = kG, where k G Nsp[n){G). Assume that xi? X2 in equation f|T^ are the characters 
of the representations (Vi, pi), respectively (V2, P2)- An easy exercise shows that kt{xi®X2)w 
is the T-representation on Vi (S> V2 given by 

t.{vi (g) V2) = vi® P2{k~^tk){v2), 

for all vi G Vi,f2 G V2 and t eT. This is the tensor product of two T-representations, the 
first one being trivial and the second one lying in -RfG], which is the same as R[T]^^ . The 
W^G-equivariance of our map is now clear. □ 

From now on we will identify 

Kt{X)=R[T] ®R[Spin)] R[G], 

by using Proposition 14.21 In this way, Wg acts on Kt{X). From the previous lemma we 
deduce that the map is a VFc-equivariant homomorphism. Since R[G] = R[T]^^ , the 
image of the map 

P ° = 4 ° j* 

is included in {i^^KxiX)))^'^ . Since is injective, we deduce that the image of j* is 
contained in Kt{X)^'^. 

Like in the T-equivariant case (see the previous section), we consider the homomorphism 

Kg : R[G] R[G]^KGiX), 
which is i?[G']-linear and satisfies 

7€g(1 (E)x) = [Vp] 



16 A.-L. MARE AND M. WILLEMS 

for any representation p : G x V ^ V of character x- For the definition of Vp, see equation 
(IH]). The composition 

f o KG : R[G] 0R[sp(n)] R[G] ^ KriX) = R[T] 0Risp(n)] R[G] 

is induced by the restriction map from G to T. Since R[G] = R[T]^^ , the map j* o'Kq is an 
isomorphism between R[G]®R[sp{n)]R[G\ and its image in Kt{X). The image is actually equal 
to Kt{X)^^ . Consequently, the image of j* is Kt{X)^^ . Since j* is injective (as we saw 
above), we deduce that it is an isomorphism between Kg{X) and Kt{XY^^- Incidentally, 
we have also proved the following result: 

Proposition 5.2. The map 'Eq defined above is a ring isomorphism. 

From the commutative diagram at the beginning of the section we deduce that the image 
of i*Q consists of all VFc-invariants in the image of i^. By Proposition 14.51 the image of is 

{{fr) e • • • , x^^]^'^ ■ {Xf,x:^^-l){x^,Xy-l) divides fr-f{f,,u)T for all 1 < < < n}. 

reSn 

By Lemma 15.31 below, this is the same as 

{(/r) e]^Z[Xi, ...,Xn] : fr - fif,,u)T IS divisible by - X^ for all 1 < /z < z/ < n]. 

reSn 

Theorem 11.21 is now completely proved. The following lemma has been used above. 
Lemma 5.3. Let Xi, . . . ,Xn be some variables and set 

Xy Xj/ ~1~ Xy , 

1 < u < n. An element of . . . ,X„] is divisible by {x^x:^^ — l){xp_Xi, — 1) in the ring 

Z[xf \ . . . , x^^] if and only if it is divisible by X^ — Xy in Z[Xi, . . . , X„]. 

Proof. We first prove the following claim. 

Claim. The ring TjIx"^^ ^ . . . , x^^] is a free module over . . . , X„] of basis . . a;^", where 

G {-1,0}, l<v<n. 

We first notice that if a; is a variable, X = x + x~^ , and R is an arbitrary unit ring, then 
R[x^x~^] is a free module over R[X] of basis l,x~^. This implies the claim by a recursive 
argument. Namely, we take successively R = l\x^ , . . . , x^\ for = 2, . . . , n, which gives 
R\x%-\\ = Z[x^_]^, . . . 

We now turn to the proof of the lemma. For sake of simplicity let us make /i = 1 and 
V = 1. We note that 

Xx — X2 = x^^(sia;2 ^ — l)(a;ia;2 — !)• 
Thus, if / is divisible by Xx — X2 then it is divisible by (0:1X2 ^ — l)(xiX2 — 1). We will now 
prove the converse. Assume that / G Z[Xi, . . . is divisible by (^1X2 ^ — l)(xiX2 — 1). 
We deduce that 

(15) / = (Xi-X2)^7, 
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where g G Z[xf^, . . . , x^^]. We consider the expansion of g with respect to the basis indicated 
in the claim and denote by gQ G . . . , X„] the coefficient of 1. Equation f|T5l) imphes 

/ = (Xi - X2)go. 

This finishes the proof. □ 
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